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Abstract
The master formula approach to chiral symmetry breaking proposed by Yamagishi and Zahed is
extended to the UR(3)×UL(3) group in which effects of the UA(1) anomaly and flavor symmetry
breaking, mu 6= md 6= ms, are taken into account. New identities for the gluon topological
susceptibility and pi0, η, η′ → γ(∗)γ(∗) decays are derived, which embody the consequences of broken
chiral symmetry in QCD without relying on any unphysical limits.
PACS numbers: 11.30.Rd, 11.40.-q
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I. INTRODUCTION
Phenomena of the η and η′ mesons have been an attractive subject both theoretically and
experimentally. Various properties of these mesons are closely related to the UA(1) anomaly
of QCD and the flavor mixing arising from the mass differences among u, d, s quarks. Since
the UA(1) anomaly is a realization of the nontrivial topology of the gluonic configurations,
investigating reactions and decaying processes associated with the η and η′ mesons will be
one of the most feasible approaches to accessing the fundamental aspects of QCD.
Several theoretical approaches, such as the chiral perturbation theory [1, 2] and the zero-
momentum Ward identities with PCAC hypothesis [3, 4], have been applied for analyzing
reaction processes of η and η′ mesons and exploring the gluonic context of the low energy
QCD. Most of these investigations start from certain unphysical limits such as chiral, soft
pion, and large Nc.
The master formula approach to chiral symmetry breaking proposed by Yamagishi and
Zahed is a powerful tool for analyzing hadronic processes which include ground state pseu-
doscalar mesons [5, 6]. The approach is based on a set of master equations, which fully takes
account of the consequences of broken chiral symmetry without relying on any unphysical
limits or expansion schemes. Also, the master equations provide a systematic procedure,
called the chiral reduction formula (χRF), to derive the chiral Ward identities satisfied by
scattering amplitudes involving any number of pions with their physical masses. The ad-
vantage of this approach is that one can investigate the reaction dynamics, which cannot
be determined by chiral symmetry, separately from the general structure required by the
broken chiral symmetry. Once such a separation is made, any models and/or expansion
schemes can be employed for describing the reaction dynamics without any contradiction
with the constraints from broken chiral symmetry. A number of investigations based on
the approach has been carried out for hadron reactions in the resonance region [6–11] and
hadronic matter [12–18].
Up to now, the approach has been formulated within the two-flavor SUR(2) × SUL(2) [5]
and three-flavor SUR(3) × SUL(3) [6] groups in the isospin symmetric limit. To analyze
reaction processes involving η′ and address the features of the low energy QCD mentioned
above, however, we need to extend the approach to the UR(3)×UL(3) group incorporating
the full flavor symmetry breaking due to mu 6= md 6= ms and the UA(1) anomaly. In this
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paper we will describe how to make such an extension.
This paper is organized as follows. In Sec. II we first review the master formula approach
for the isospin symmetric SUR(2)×SUL(2) group proposed in Ref. [5] and outline a derivation
of the master equations with this simplest case. Then in Sec. III we describe the extension
to the UR(3)×UL(3) group including finite quark masses and the UA(1) anomaly. Several
applications of the UR(3)×UL(3) master equations are presented in Sec. IV. Summary and
outlook are given in Sec. V.
II. REVIEW OF ISOSPIN SYMMETRIC SU(2)×SU(2) CASE
A. The Veltman-Bell equations
Consider QCD with massive u and d quarks in the isospin symmetric limit: mu = md =
mˆ. The Lagrangian can be written as
LSU(2)QCD = [LSU(2)QCD ](0) + q¯γµ(vaµ + γ5aaµ)
τa
2
q(x)− q¯(mˆ+ s− ipaγ5τa)q(x), (1)
where [LSU(2)QCD ](0) is the QCD Lagrangian in which the quark masses are set to zero; τa
(a = 1, 2, 3) is the Pauli matrix for isospin; q(x) is the isodoublet quark field q = (u, d)T . The
vector, axial-vector, scalar, and pseudoscalar external fields, φ = (vaµ, a
a
µ, s, p
a), are treated
as sources to generate the corresponding currents and densities, O = (V aµ , Aaµ,Σ,Πa), which
can be defined by O = δ(∫ d4xLSU(2)QCD )/δφ.
A fundamental quantity in the theoretical framework developed in Ref. [5] is the extended
S-matrix operator S[φ], a functional of the external fields φ. This operator is unitary,
S†S = SS† = 1, and is related to the vacuum-to-vacuum transition amplitude in the presence
of the external fields φ: Z[φ] = 〈0 out|0 in〉φ = 〈0 in|S[φ]|0 in〉 = 〈0 out|S[φ]|0 out〉. The
Schwinger action principle allows one to express the quantum operators corresponding to
O = (V aµ , Aaµ,Σ,Πa) as [5, 19, 20]
O(x) = −iS† δ
δφ(x)
S, (2)
and their T ∗-product as
T ∗[O(x1) · · ·O(xn)] = (−i)nS† δ
δφ(x1)
· · · δ
δφ(xn)
S. (3)
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A more detailed description of the theoretical formulation based on the extended S-matrix
can be found in the literature [19–21] and this will not be discussed here.
The system described by Eq. (1) and its effective theory have an approximate
SUR(2)×SUL(2) chiral symmetry explicitly broken by the quark masses. It is known that
such systems satisfy the divergence equations for the vector and axial currents, which, fol-
lowing Ref. [5], we call the Veltman-Bell (VB) equations [22, 23]. The explicit forms are
∇µacV cµ + aµacAcµ + pacΠc = 0, (4)
∇µacAcµ + aµacV cµ − (mˆ+ s)Πa + paΣ = 0, (5)
where we have introduced the notation Xac = εabcXb (applicable to any quantity with
one-isospin index Xb); ∇acµ = δac∂µ + vacµ .
With Eq. (2), the VB equations (4) and (5) can be rewritten as a set of linear equations
of the extended S-matrix: [
∇acµ
δ
δvcµ
+ aacµ
δ
δacµ
+ pac
δ
δpc
]
S = 0, (6)
[
∇acµ
δ
δacµ
+ aacµ
δ
δvcµ
− (s+ mˆ) δ
δpa
+ pa
δ
δs
]
S = 0. (7)
Applying functional derivatives of φ to Eqs. (6) and (7) and using Eqs. (2) and (3), one can
derive the vector and axial Ward identities satisfied by the operators O = (V aµ , Aaµ,Σ,Πa).
B. Master equations for the chiral symmetry breaking
The VB equations (4) and (5) [or equivalently Eqs. (6) and (7)] are satisfied by the
systems in both the Wigner and Nambu-Goldstone (NG) phases. However, if the chiral
symmetry in the system is spontaneously broken, the NG bosons (pions) appear and couple
to the axial current and the isovector-pseudoscalar density:
〈0|Aaµ(x)|πb(p)〉 = fpiipµδabe−ipx, (8)
〈0|Πa(x)|πb(p)〉 = Gδabe−ipx. (9)
Here fpi is the pion decay constant, which remains finite in the chiral limit in contrast to
those of the pion excitations [24]; G is the pseudoscalar coupling constant. By taking the
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matrix element of the axial VB equations (5) between the vacuum state 〈0| and the one-pion
state |πa(p)〉, and using Eqs. (8) and (9), we obtain the following mass relation:
fpim
2
pi = mˆG, (10)
which shows clearly the well-known result that the nonzero quark masses are responsible for
the nonzero pion masses. The master equations proposed in Ref. [5] may be understood as
the VB equations incorporating this information on chiral symmetry breaking.
It was shown in Ref. [5] that the information can be incorporated into the VB equations
by making the following modifications:
1. Introduce new pseudoscalar and scalar external fields, Ja and Y , defined by
Ja = Gpa + fpi∇acµ aµc, (11)
Y = Gs, (12)
and treat φ = (aaµ, v
a
µ, Y, J
a) as independent external fields.
2. Introduce a new extended S-matrix Sˆ as
Sˆ = S exp(−iδI), (13)
with
δI =
∫
d4x
[
Y (x)G−1C +
f 2pi
2
aµa(x)aaµ(x)
]
, (14)
where a new constant C is introduced. (The physical meaning of C is explained below.)
With these modifications, the new current and density operators, Oˆ = (jaV µ, jaAµ, σˆ, πˆa),
defined by Oˆ = −iSˆ†(δ/δφ)Sˆ, are related with the original current and density operators,
O = (V aµ , Aaµ,Σ,Πa), as follows:
V aµ = j
a
V µ + fpia
ac
µ πˆ
c, (15)
Aaµ = j
a
Aµ + f
2
pia
a
µ − fpi∇acµ πˆc, (16)
Σ = Gσˆ + C, (17)
Πa = Gπˆa. (18)
Here the new pseudoscalar density πˆa satisfies 〈0|πˆa(x)|πb(p)〉 = δabe−ipx. This allows one
to identify πˆa with the normalized interpolating pion field. The change of the field variable
5
pa → Ja defined by Eq. (11) is responsible for the separation of the one-pion component from
the axial current Aaµ and thus is introduced to indicate that the system under consideration
includes pions. The new axial current jaAµ has no one-pion component surviving on pion
mass-shell, 〈0|jaAµ(x)|πb(p)〉 = 0, in contrast to the original Aaµ.
The second modification defined by Eqs. (13) and (14) is introduced to indicate that
the action describing the original S-matrix operator, S, should contain contact terms, as
defined in Eq. (14), if the chiral symmetry is spontaneously broken. A justification of this
statement has been provided in Ref. [5] making use of the gauged nonlinear sigma model.
It is also noted that the difference between S and Sˆ just comes from the contact terms of
the c-number external fields and thus does not affect the physical observables.
The practical role of the second modification is twofold. The first term in the integrand of
δI is introduced to take account of the quark-antiquark condensation. In fact, it explicitly
introduces a shift in the scalar density [see Eq. (17)], amounting to the new constant, C.
This constant carries part of the information on the condensation. (We allow 〈σˆ〉 6= 0.) It
turns out that C is expressed as the product of the pion decay constant and the pseudoscalar
coupling constant:
C = fpiG. (19)
This follows from the fact that πˆa is the normalized interpolating pion field. (See Appendix A
for the derivation.) The mass relation (10) can be rewritten as
f 2pim
2
pi = mˆC. (20)
If 〈σˆ〉 = 0, then C = 〈Σ〉 and Eq. (20) reduces to the Gell-Mann-Oakes-Renner (GMOR)
relation. Therefore, 〈σˆ〉 represents the deviation of the mass relation from the GMOR
relation. In fact, the on-shell (1/fpi) expansion scheme proposed in Ref. [5], which is the
expansion in 1/fpi around the physical pion mass and is constructed so that the GMOR
relation holds at the leading order, leads to 〈σˆ〉 = 0 + O(f−1pi ) and C = 〈Σ〉 + O(f−1pi ).
The second term in the integrand of δI results in the appearance of f 2piaaµ in Eq. (16). This
ensures the existence of the contact term δabf 2pigµν in the two-point function of the axial
current,
i
∫
d4xeiqx〈T ∗[Aaµ(x)Abν(0)]〉 = δabf 2pigµν − δabf 2pi
qµqν
q2 −m2pi
+ · · · , (21)
which must appear in the two-point function to have a correct chiral limit. (The symbol 〈 〉
denotes the vacuum expectation value.)
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Substituting Eqs. (11), (12), and (15)-(18) into the VB equations and using Eqs. (10)
and (19), we have
[∇µacjcV µ + aµacjcAµ + Jacπˆc] = 0, (22)
[−∇µae∇ecµ + aµaeaecµ −m2piδac − Y f−1pi δac] πˆc =
−Ja(x)− f−1pi (∇µacjcAµ + aµacjcV µ)− [Ja − fpi∇µacacµ]σˆ. (23)
These equations can be written in the functional derivative form as(
∇acµ
δ
δvcµ
+ aacµ
δ
δacµ
+ Jac
δ
δJc
)
Sˆ = 0, (24)
[
−(✷δab +m2piδab +KabSU(2))
δ
δJ b
+ iJa + f−1pi t
a
A −
(∇µacacµ − f−1pi Ja) δδY
]
Sˆ = 0, (25)
with
KabSU(2) = ∇µac∇cbµ − aacµ aµcb + δabY − δab✷, taA = ∇acµ
δ
δacµ
+ aacµ
δ
δvcµ
.
By introducing the retarded and advanced Green functions satisfying
−[✷δab +m2piδab +KabSU(2)(x)]GbcR,A(x, y) = δacδ(4)(x− y),
the axial VB equation (23) can be formally solved for the interpolating pion field πˆ. The
functional derivative form of the solution is written as
δSˆ
δJa(x)
= iSˆπain(x) + iSˆ
∫
d4yGabR (x, y)K
bc
SU(2)(y)π
c
in(y)−
∫
d4yGabR (x, y)R¯
b
SU(2)(y)Sˆ
= iπain(x)Sˆ + i
∫
d4yGabA (x, y)K
bc
SU(2)(y)π
c
in(y)Sˆ −
∫
d4yGabA (x, y)R¯
b
SU(2)(y)Sˆ.(26)
Here πain is the in-state asymptotic pion field, πˆ
a → πain + · · · (t→ −∞); R¯aSU(2)(x) is defined
by
R¯aSU(2)(x) = R
a
SU(2)(x) +K
ab
SU(2)(x)
δ
δJ b(x)
, (27)
with
RaSU(2)(x) =
[
iJa +
1
fpi
taA −KabSU(2)
δ
δJ b
−
(
∇µacacµ −
Ja
fpi
)
δ
δY
]
(x). (28)
Equations (24) and (26) constitute the master equations for the SUR(2)×SUL(2) chiral
symmetry breaking in the isospin symmetric limit.
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C. Chiral reduction formula
From the axial master equation (26), we can derive the commutation relations between
the creation and annihilation operators of the pion and the extended S-matrix Sˆ,
[aain(k), Sˆ] = RaSU(2)(k)Sˆ, [Sˆ, aa†in (k)] = RaSU(2)(−k)Sˆ, (29)
where RaSU(2)(k) =
∫
d4xeikxRaSU(2)(x). Note that we can rewrite the commutation relations
in this form without using the asymptotic pion field. [Compare them with Eqs. (6.2) and
(6.3) in Ref. [5].]
Iterative use of Eq. (29) results in the χRF for the on-shell scattering amplitudes involving
any number of pions with their physical masses,
〈α; k1a1, · · · , kmam|Sˆ|β; l1b1, · · · , lnbn〉|φ=0 =
[Ra1SU(2)(k1) · · ·RamSU(2)(km)Rb1SU(2)(−l1) · · ·RbnSU(2)(−ln)]S〈α|Sˆ|β〉|φ=0, (30)
where ki (li) and ai (bi) are, respectively, the four momentum and isospin indices of the
outgoing (incoming) pions; α and β stand for states of other particles. Here we consider
the case that no two pions have equal momenta. The symbol [ ]S represents normalized
symmetric permutations of the functional derivative operators,
[D1 · · ·Dn]S = 1
n!
∑
perms.
D1 · · ·Dn. (31)
This operation shows clearly the crossing symmetry in Eq. (30). By using Eq. (30) to-
gether with Eq. (3), scattering amplitudes are expressed in terms of Green’s functions of
the operators Oˆ = (jaV µ, jaAµ, σˆ, πˆa). The χRF takes the form of functional derivatives, and
all constraints which stem from broken chiral symmetry are contained in RaSU(2)(k). The
extension of the χRF to the off-shell pions has been discussed in detail in Ref. [25].
III. EXTENDING TO UR(3)×UL(3) WITH FLAVOR SYMMETRY BREAKING
In this section, we extend the master equations reviewed in Sec. II to the UR(3)×UL(3)
group with mu 6= md 6= ms. In the remainder of this paper, the term “pion” (“π”) is used for
expressing the nonet ground pseudoscalar mesons generically, and the symbols π±,0, K+,0,
K¯−,0, η, and η′ are used for referring to the specific mesons.
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A. The UR(3)×UL(3) VB equations
The Lagrangian now includes massive u, d, s quarks:
LU(3)QCD = [LU(3)QCD](0) + q¯γµ(vaµ + γ5aaµ)
λa
2
q − q¯(maq + sa − ipaγ5)λaq − θω. (32)
Here qT = (u, d, s); maqλ
a = diag(mu, md, ms); θ and ω are the vacuum angle and the gluon
topological charge density, respectively. The term [LU(3)QCD](0) represents the QCD Lagrangian
with the quark masses, the vacuum angle, and all external fields set to zero. The flavor
matrix λa is taken to be one of the Gell-Mann matrices for a = 1, · · · , 8 and λ0 =√2/31 so
that they satisfy Tr[λaλb] = 2δab. The vector, axial-vector, scalar, and pseudoscalar external
fields and the vacuum angle, φ = (vaµ, a
a
µ, s
a, pa,−θ), are sources to generate currents and
densities, O = (V aµ , Aaµ,Σa,Πa, ω), which are obtained from O = δ(
∫
d4xLU(3)QCD)/δφ. As in
the SU(2) case, the quantum operators corresponding to O are defined by Eq. (2).
The VB equations for the UR(3)×UL(3) group can then be written as
∇µacV cµ + aµacAcµ + pacΠc + (s +mq)acΣc = 0, (33)
∇µacAcµ + aabµ V bµ + pabΣb − (s +mq)acΠc − Tr[λa]ω = Ωa. (34)
Here we have introduced the notation1 X
ac
= dabcXb and Xac = fabcXb (applicable to
any quantity with one-flavor index Xb); ∇acµ = ∂µδac + vacµ . It is well known that an ad-
ditional nonconserving contribution in the axial VB equation, which amounts to −Tr[λa]ω,
is attributable to the UA(1) anomaly. Furthermore, for the UR(3)×UL(3) group, the non-
Abelian anomaly Ωa associated with the external gauge fields vaµ and a
a
µ also appears. Its
explicit form is [26]
Ωa =
Nc
16π2
εµνρσTr
[
λa
2
(
F VµνF
V
ρσ +
1
3
FAµνF
A
ρσ
+i
8
3
(aµaνF
V
ρσ + aµF
V
νρaσ + F
V
µνaρaσ)−
32
3
aµaνaρaσ
)]
, (35)
with F Vµν = ∂µvν − ∂νvµ − i[vµ, vν ] − i[aµ, aν ], FAµν = ∂µaν − ∂νaµ − i[vµ, aν ] − i[aµ, vν ],
vµ = v
a
µ(λ
a/2), and aµ = a
a
µ(λ
a/2). We take a convention with ε0123 = +1.
1 The structure constants fabc and dabc are defined by fabc = −(i/4)Tr[[λa, λb]λc] and dabc =
(1/4)Tr[{λa, λb}λc], respectively. With this definition, we have f0bc = 0 and d0bc =√2/3δbc.
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The functional derivative form of the VB equations is given by[
∇acµ
δ
δvcµ
+ aacµ
δ
δacµ
+ pac
δ
δpc
+ (s +mq)
ac δ
δsc
]
S = 0, (36)
[
∇acµ
δ
δacµ
+ aacµ
δ
δvcµ
+ pac
δ
δsc
− (s +mq)ac δ
δpc
+ Tr[λa]
δ
δθ
]
S = iΩaS. (37)
B. Flavor symmetry breaking and UA(1) anomaly
Besides their key role in the singlet sector, the mass differences among the u, d, s quarks
and the UA(1) anomaly are responsible for the major complication in the construction of
the UR(3)×UL(3) master equations. Therefore we first examine those effects carefully.
The mass differences of the quarks violate the flavor symmetry explicitly as well as the
chiral symmetry. Thus the flavor U(3) basis cannot be the mass eigenstates of hadrons and
mixing of the U(3) basis occurs. Necessary information on the flavor symmetry breaking
here is summarized in the following matrix elements,
〈0|Aaµ(x)|P (p)〉 = f˜aPpi ipµe−ipx, (38)
〈0|Πa(x)|P (p)〉 = GaP e−ipx, (39)
〈0|ω(x)|P (p)〉 = A˜Pe−ipx, (40)
where P denotes the physical pion states (the mass eigenstates): P = (π±,0, K±,0, K¯0, η, η′).
(Capital indices are used to represent the mass eigenstates.) Because of the flavor symmetry
breaking, the pion decay constant f˜aPpi and the pseudoscalar coupling constant G
aP now have
two indices that specify the flavor U(3) basis and the mass eigenstates2. Also, it is noted
that A˜P has a nonzero value only for P = π0, η, η′.
From the axial VB equation (34) and Eqs. (38)-(40), we can derive the U(3) version of
the mass relation:
f˜aQpi (m
2
pi)
QP = mabq G
bP + Tr[λa]A˜P , (41)
2 The breaking pattern of the flavor symmetry, i.e., maqλ
a = m0qλ
0 +m3qλ
3 +m8qλ
8, implies that f˜aPpi and
GaP are block diagonal in (1, 2)× (pi+, pi−), (4, 5)× (K+,K−), (6, 7)× (K0, K¯0), and (0, 3, 8)× (pi0, η, η′).
In the isospin symmetric limit they become (1, 2, 3) × (pi+, pi−, pi0), (4, 5, 6, 7)× (K+,K−,K0, K¯0), and
(0, 8)× (η, η′) and the first two blocks can be diagonalized.
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where m2pi is the diagonal mass-squared matrix of the physical nonet pions. The appearance
of A˜P is attributable to ω in the axial VB equation and thus is nothing but a consequence
of the UA(1) anomaly.
As already mentioned above, the UA(1) anomaly leads to the nonconserving term pro-
portional to ω in the singlet axial VB equation. Because of this, the operators A0µ and
ω get renormalized under a change of the QCD scale [1]: (A0µ)ren. = ZAA
0
µ, (ω)ren. =
ω + (ZA − 1)(1/Tr[λ0])∂µA0µ, where ZA is the renormalization factor. Accordingly, the
singlet pion decay constant f˜ 0Ppi and A˜P also get renormalized as
(f˜ 0Ppi )ren. = ZAf˜
0P
pi , (42)
(A˜P )ren. = A˜P + (ZA − 1) 1
Tr[λ0]
f˜ 0Qpi (m
2
pi)
QP . (43)
These are thus scale dependent and not physical constants. This is in contrast to the octet
pion decay constants, f˜aPpi , with a 6= 0, which are scale independent. It is noted, however,
that the combination f˜ 0Qpi (m
2
pi)
QP −Tr[λ0]A˜P is invariant under a change of the QCD scale.
As pointed out by Shore and Veneziano (see, e.g., Refs. [4, 27, 28]), the renormalization
group (RG) variant f˜ 0Ppi , which is defined as a coupling of the singlet axial current to the
physical pions, does not satisfy GMOR type mass relations. They introduced a RG-invariant
decay constant f 0Ppi and showed that the use of this new constant provides a natural extension
of the GMOR relation to the singlet sector.
Following Shore and Veneziano, let us introduce the RG invariant f 0Ppi . Defining δf
0P
pi =
f˜ 0Ppi − f 0Ppi , the combination (f˜pim2pi)0P − Tr[λ0]A˜P can be rewritten as
(f˜pim
2
pi)
0P − Tr[λ0]A˜P = (fpim2pi)0P − Tr[λ0][A˜P − (δfpim2pi)0P ]. (44)
Because (f˜pim
2
pi)
0P − Tr[λ0]A˜P and (fpim2pi)0P are individually RG invariant, AP ≡ [A˜P −
(δfpim
2
pi)
0P ] is also RG invariant. The values of f 0Ppi and AP must be extracted from the
experimental data. With this modification, the mass relation (41) becomes
(fpim
2
pif
T
pi )
ab = (mqGf
T
pi )
ab + Tr[λa](AfTpi )b
= (mqGf
T
pi )
ab + Aab, (45)
where faPpi ≡ f˜aPpi for a 6= 0; (fTpi ) = (fTpi )Pa is the transpose of faPpi ; Aab ≡ Tr[λa](AfTpi )b.
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C. Master equations for the UR(3)×UL(3) symmetry breaking
We can incorporate the information on the symmetry breaking described in Sec. III B in
a completely parallel way to the SU(2) case:
1. Introduce a new pseudoscalar and scalar external fields JP and Y P defined by
JP = paGaP + (f˜Tpi )
Pa(∇µa˜µ)a −
[
(fTpi )
P0
✷+ (f−1pi )
PaAa0
] 1
Tr[λ0]
θ, (46)
Y P = saGaP , (47)
with a˜aµ = a
a
µ + δ
a0(1/Tr[λ0])∂µθ, and then consider φ = (a
a
µ, v
a
µ, Y
P , JP ,−θ) as inde-
pendent external field variables.
2. Introduce new extended S-matrix by
Sˆ = S exp [−i (δI + δIΩ)] , (48)
where
δI =
∫
d4x
(
Y P (G−1)PaCa +
1
2
a˜µa(f˜pif˜
T
pi )
aba˜bµ
− 1
2(Tr[λ0])2
θ(A+ fpif
T
pi ✷)
00θ − 1
Tr[λ0]
∂µθ(fpi f˜
T
pi )
0ba˜bµ
)
, (49)
and
δIΩ = Nc
72π2
εµνρσ
∫
d4x
(
aaµ∇acν acρ
√
6a˜0σ −
1
2
a0µ∂νa
0
ρ
√
6a˜0σ
)
. (50)
Note that the new constant Ca, which corresponds to C in the SU(2) case, now has a
flavor index.
With these modifications, the new current and density operators Oˆ = (jaV µ, jaAµ, σˆP , πˆP , ωˆ)
are defined by Oˆ = −iSˆ†δSˆ/δφ with φ = (vaµ, aaµ, Y P , JP ,−θ). The relations between the
new and original operators are given by
V aµ = j
a
V µ + a
ab
µ (fpiπˆ)
b +
δ(δIΩ)
δvµa
, (51)
Aaµ = j
a
Aµ −∇abµ (f˜piπˆ)b + (f˜pif˜Tpi )aba˜bµ − (f˜pifTpi )a0
1
Tr[λ0]
∂µθ +
δ(δIΩ)
δaµa
, (52)
Σa = GaP σˆP + Ca, (53)
Πa = GaP πˆP , (54)
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ω = ωˆ +
1
Tr[λ0]
{A0a[(f−1pi )T ]aP − (δfpi)0P✷}πˆP
+
1
Tr[λ0]
(δfpif
T
pi )
0a∂µaaµ +
1
(Tr[λ0])2
[A00 + (δfpiδf
T
pi )
00
✷]θ +
δ(δIΩ)
δ(−θ) . (55)
As in the SU(2) case, we can identify the new pseudoscalar density πˆP with the (normalized)
interpolating pion field satisfying 〈0|πˆA(x)|P (k)〉 = δAP e−ikx.
The modifications induced by Eqs. (46), (47), and (49) can be understood as a straight-
forward extension of, respectively, Eqs. (11), (12), and (14) in the SU(2) case. With the
modification (46), the one-pion component is separated from Aaµ and ω, and the resulting
new operators jaAµ and ωˆ have no one-pion component surviving on pion mass-shell, i.e.,
〈0|jaAµ|P (p)〉 = 〈0|ωˆ|P (p)〉 = 0 at p2 = (m2pi)PP . From Eq. (53), the new constant Ca
again carries part of the quark-antiquark condensate: 〈Σa〉 = GaP 〈σP 〉+ Ca. The terms in
Eq. (49), except for the first one, are introduced such that the two-point functions including
Aaµ and/or ω have the correct chiral limit in the presence of the pions.
A comment on the term δIΩ is needed since it does not appear in the SU(2) case. As
discussed by Kaiser and Leutwyler [1], the non-Abelian anomaly, Ωa, which includes the
external singlet axial gauge field a0µ, is not invariant under a change of the QCD scale
because of the UA(1) anomaly. This leads to an inconsistency with the RG invariance of the
VB equations3. The term δIΩ is introduced to cure the inconsistency and corresponds to
the sum of the two contact terms, P1 and P2, of Eq. (78) in Ref. [1]. With this additional
term the non-Abelian anomaly Ωa is replaced with the RG invariant Ωa0, which is of the
same form as Ωa, but a0µ is replaced with −(1/Tr[λ0])∂µθ.
Taking account of the modifications described above, the VB equations (33) and (34) can
be rewritten as
∇µabjbV µ + aµabjbAµ + (G−1J)ab(Gπˆ)b + [(G−1Y )ab +mabq ](Gσˆ)b + χaPV 1πˆP + χaV 2 = 0, (56)
and
[−✷δPQ − (m2pi)PQ − (f−1pi )PaKabf bQpi ] πˆQ =
−JP − (f−1pi )Pa(∇abµ jµbA + aabµ jµbV − Tr[λa]ωˆ)
−(f−1pi )Pa(G−1J )
ab
(Gσˆ)b + (f−1pi )
Pa(Ωa0 − χaA). (57)
3 The RG invariance of the VB equations arises from that of the S-matrix Sˆ.
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Here we have introduced
χaPV 1 = (∇µa˜µ)abf˜ bPpi − (a˜µvµ)abf˜ bPpi − dabc[(G−1)T ]bQ(f˜Tpi )Qd(∇µa˜µ)dGcP
+dabc[(G−1)T ]bQ[(fTpi )
Q0
✷+ (f−1pi )
QaAa0]
1
Tr[λ0]
θGcP , (58)
χaV 2 = a˜
ab
µ (f˜pif˜
T
pi )
bca˜µc − a˜abµ (f˜pifTpi )b0
1
Tr[λ0]
∂µθ + (G−1Y )
ab
Cb, (59)
χaA = v
ab
µ (fpif˜
T
pi )
bca˜µc − (fpifTpi )abvbcµ aµc − vabµ (fpifTpi )bc
1
Tr[λ0]
∂µθ, (60)
Kab = (∇µ∇µ)ab − (aµaµ)ab + (G−1Y )
ac
(Gf−1pi )
cb −✷δab, (61)
J P = JP − (f˜Tpi )Pa(∇µa˜µ)a + [(fTpi )P0✷+ (f−1pi )PaAa0]
1
Tr[λ0]
θ. (62)
The terms χV 1, χV 2, and χA are attributable to the flavor symmetry breaking and thus they
vanish in the flavor symmetric limit.
In deriving Eqs. (56) and (57), we have made use of a relation satisfied by the new
constant Ca,
C
ab
= (GfTpi )
ab, (63)
which can be regarded as the U(3) version of Eq. (19). This relation follows from the fact
that πˆP is the normalized interpolating pion field and can be derived by the same strategy as
described for the SU(2) case in Appendix A. Then the mass relation (45) can be rewritten
as
(fpim
2
pif
T
pi )
ab = (mqC)
ab + Aab. (64)
From (mqC)
T = (mqC) and A
ab = 0 for a 6= 0 [recall that Aab = Tr[λa](AfTpi )b], one can
fix Aab up to one constant: Aab = Tr[λa]Tr[λb]Aχ. Within the 1/fpi expansion scheme [5],
we have 〈σˆP 〉 = 0 at the leading order, and therefore C0 = −(√2/3)(〈u¯u〉 + 〈d¯d〉 + 〈s¯s〉),
C3 = −(〈u¯u〉 − 〈d¯d〉), C8 = −(√1/3)(〈u¯u〉+ 〈d¯d〉 − 2〈s¯s〉), and Ca = 0 for the other flavor
indices. In this case Eq. (64) reduces to the generalized GMOR relation given by Shore [4],
which is derived by making use of the Ward identities in the zero-momentum (soft pion)
limit. Because the leading order of the 1/fpi expansion scheme corresponds to taking the soft
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pion limit, we can identify the constant Aχ with the nonperturbative coefficient appearing
in the gluon topological susceptibility in QCD [4]. The quantity 〈σˆP 〉 again represents the
deviation of the mass relation (64) from the GMOR relation in the same way as for the
SU(2) case.
The functional derivative form of Eqs. (56) and (57) is given by
T aV (x)Sˆ = 0, (65)
T aA(x)Sˆ = 0, (66)
with
T aV (x) = ∇abµ
δ
δvbµ(x)
+ aabµ (x)
δ
δabµ(x)
+ (G−1J)
ab
(x)GbP
δ
δJP (x)
+[(G−1Y )
ab
(x) +mabq ]G
bP δ
δY P (x)
+ χaPV 1(x)
δ
δJP (x)
+ iχaV 2(x), (67)
T aA(x) = f
aP
pi
[−✷δPQ − (m2pi)PQ] δδJQ(x) + faPpi RP (x), (68)
RP (x) = −(f−1pi )PaKab(x)f bQpi
δ
δJQ(x)
+ iJP (x)
+(f−1pi )
Pa
[
∇abµ
δ
δabµ(x)
+ aabµ
δ
δvbµ(x)
+ Tr[λa]
δ
δθ(x)
]
+(f−1pi )
Pa(G−1J )ab(x)GbQ δ
δY Q(x)
− i(f−1pi )Pa[Ωa0(x)− χaA(x)], (69)
By introducing retarded and advanced Green’s functions satisfying
[−✷xδPQ − (m2pi)PQ − (f−1pi )PaKab(x)f bQpi ]GQRR,A(x, y) = δPRδ4(x− y),
one can formally solve Eq. (66) as
δ
δJP (x)
Sˆ = iSˆπPin(x) + iSˆ
∫
d4yGPQR (x, y)(f
−1
pi )
QaKab(y)f bRpi π
R
in(y)
−
∫
d4yGPQR (x, y)R¯
Q(y)Sˆ
= iπPin(x)Sˆ + i
∫
d4yGPQA (x, y)(f
−1
pi )
QaKab(y)f bRpi π
R
in(y)Sˆ
−
∫
d4yGPQA (x, y)R¯
Q(y)Sˆ, (70)
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with
R¯P (x) = RP (x) + (f−1pi )
PaKab(x)f bQpi
δ
δJQ(x)
, (71)
where πPin is the in-state asymptotic pion field. Equations (65) and (70) are the desired
extension of the master equations to UR(3)×UL(3), incorporating the finite u, d, s quark
masses and the UA(1) anomaly. The major consequences of flavor symmetry breaking are
the two-index character of the various constants and the appearance of χaPV 1π
P , χaV 2, and χ
a
A
terms. On the other hand, those arising from the UA(1) anomaly are the mass relation (64)
and the appearance of the operator ωˆ.
D. Chiral reduction formula
The commutation relations of the pion creation and annihilation operator with the ex-
tended S-matrix Sˆ are given by
[aPin(k), Sˆ] = RP (k)Sˆ, [Sˆ, aP †in (k)] = RP (−k)Sˆ, (72)
where RP (k) =
∫
dxeikxRP (x). The UR(3)×UL(3) version of the χRF for on-shell pions can
be expressed as
〈α;P1(k1), · · · , Pm(km)|Sˆ|β;Q1(l1), · · · , Qn(ln)〉|φ=0 =
[RP1(k1) · · ·RPm(km)RQ1(−l1) · · ·RQn(−ln)]S〈α|Sˆ|β〉|φ=0, (73)
where ki (li) is the four momentum of the outgoing (incoming) pion Pi (Qi), and α and β
label states of other particles. Here we again consider the case that no two pions have equal
momenta. The symbol [ ]S is defined in Eq. (31).
Before closing this section, we note that the singlet axial current j0Aµ (or its functional
derivative form) always appears as the RG invariant combination ∂µj0Aµ − Tr[λ0]ωˆ in the
axial master equation (70) and the χRF (73). [In the absence of the external fields, j0Aµ
and ωˆ0 are renormalized as (j0Aµ)ren. = ZAj
0
Aµ and (ωˆ)ren. = ωˆ + (ZA − 1)(1/Tr[λ0])∂µj0Aµ,
respectively.] Therefore, the existence of ωˆ, which originates from the U(1)A anomaly, is
crucial for ensuring the RG invariance of the master equations and the χRF.
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IV. APPLICATIONS
As an illustration, we will present several applications of the UR(3)×UL(3) master equa-
tions and the χRF.
A. Gluon topological susceptibility
By using Eqs. (3) and (55), we can derive the chiral Ward identity for the gluon topological
susceptibility χ:
χ = −i
∫
d4x〈T ∗[ω(x)ω(0)]〉
= Aχ − i
∫
d4x〈T ∗[ωˆ(x)ωˆ(0)]〉
−i6A2χ(f−1pi )P0(f−1pi )Q0
∫
d4x〈T ∗[πˆP (x)πˆQ(0)]〉
−i2
√
6Aχ(f
−1
pi )
P0
∫
d4x〈T ∗[ωˆ(x)πˆP (0)]〉. (74)
This shows clearly how the pion poles contribute to the gluon topological susceptibility. The
constant Aχ of the first term corresponds to the leading contribution in the large Nc limit
of QCD with massive quarks, χ = Aχ + O(1/Nc) [28], The appearance of Aχ is ensured
by the modification introduced by the third term of δI [Eq. (49)]. The RG transformation
property of ωˆ implies the RG invariance of the zero-momentum projected two-point functions∫
d4x〈T ∗[ωˆ(x)πˆP (0)]〉 and ∫ d4x〈T ∗[ωˆ(x)ωˆ(0)]〉, and therefore Eq. (74).
Making use of the chiral Ward identities of 〈T ∗[ωˆ(x)πˆP (0)]〉 and 〈T ∗[πˆP (x)πˆQ(0)]〉 derived
from the axial master equation (70) (see Appendix B for the results), the above identity can
be further written as
χ = Aχ − 6A2χ[(fpim2pifTpi )−1]00
−i(1 − 6Aχ[(fpim2pifTpi )−1]00)2
∫
d4x〈T ∗[ωˆ(x)ωˆ(0)]〉
+6A2χ[(fpim
2
pif
T
pi )
−1]0amacq (G〈σˆ〉)
cb
[(fpim
2
pif
T
pi )
−1]b0. (75)
Here the second term comes from the pion pole in 〈T ∗[πˆP (x)πˆQ(0)]〉. This is the most general
expression constrained only by the broken chiral symmetry.
We observe that our result consistently reduce to those obtained in previous works by
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taking appropriate limits. With the mass relation (64), we obtain
Aχ − 6A2χ[(fpim2pifTpi )−1]00 = Aχ
(
1 + Aχ
∑
q=u,d,s
1
mqCq
)−1
, (76)
where Cu = C˜ + C3, Cd = C˜ − C3, and Cs = (C0 −
√
2C8)/
√
6 with C˜ = (2C0 + C8)/
√
3.
The on-shell expansion scheme [5] gives Cq = −〈q¯q〉 (q = u, d, s) at the leading order. In
this case, the first and second terms of our general expression (75) (i.e., the contributions
from the leading term in the large Nc limit and the pion pole term) reproduce the classic
result [4, 29]. Also, our result approaches zero in the chiral limit, χ→ 0 (mq → 0), showing
the noncommutative character of the Nc →∞ and mq → 0 limits [30].
The third and forth terms in Eq. (75) are new. The third term shows how the higher
meson states X , including hybrids states and glueballs, contribute to the gluon topolog-
ical susceptibility through 〈0|ωˆ|X〉 6= 0. The forth term is proportional to 〈σˆP 〉, which
characterizes the deviation of the mass relation (64) from the GMOR relation.
B. Two-photon decay of pi0, η, η′ mesons
Next let us consider the two-photon decay of the π0, η, and η′ mesons: P (p) →
γ(∗)(q1)γ
(∗)(q2) with P = (π
0, η, η′). For this purpose, we need to evaluate the amplitude∫
dxq1dyq2〈0|SˆT ∗[jaV µ(x)jbV ν(y)]|πP (p)〉|φ=0, where
∫
dxq ≡
∫
d4x exp(iqx). The χRF gives∫
dxq1dyq2〈0|SˆT ∗[jaµV (x)jbνV (y)]|πP (p)〉|φ=0
=
∫
dxq1dyq2(−i)2
δ
δvaµ(x)
δ
δvbν(y)
RP (p)〈Sˆ〉|φ=0
=
∫
dxq1dyq2dz−p(f
−1
pi )
Pc
[
i
δ
δvaµ(x)
δ
δvbν(y)
Ωc0(z) + i〈T ∗[jaµV (x)jbνV (y)W c(z)]〉
]
, (77)
where W c = ∂µjcAµ − Tr[λc]ωˆ. With expressions for the electromagnetic current, jµem =
(j3V )
µ + (1/
√
3)(j8V )
µ, and the external electromagnetic field, −eAµ = v3µ =
√
3v8µ, we can
derive a general expression for the P → γ(∗)γ(∗) decay amplitude:
gγγP (q
2
1, q
2
2; p
2) =
(f−1pi )
Pc
[
ccem
e2Nc
8π2
− δc0
√
6Fγγωˆ(q
2
1, q
2
2; p
2) + F cγγA1(q
2
1, q
2
2; p
2)− F cγγA2(q21, q22; p2)
]
, (78)
with (c3em, c
8
em, c
0
em) = (2/3, 2
√
3/9, 4
√
6/9). Here we have defined∫
dxq1dyq2〈0|SˆT ∗[jµem(x)jνem(y)]|πP (p)〉|φ=0 = iǫµναβq1αq2βgγγP (q21, q22; p2), (79)
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∫
dxq1dyq2dz−p〈T ∗[jµem(x)jνem(y)ωˆ(z)]〉 = ǫµναβq1αq2βFγγωˆ(q21, q22; p2), (80)
and ∫
dxq1dyq2dz−p〈T ∗[jµem(x)jνem(y)∂λjcλA (z)]〉 =
ǫµναβq1αq2β[F
c
γγA1(q
2
1 , q
2
2; p
2)− F cγγA2(q21, q22; p2)], (81)
modulo (2π)4δ4(p− q1 − q2). In Eq. (81) we have used the general expression of the vector-
vector-axial correlation function [31, 32] [denoting F cγγAi(q
2
1 , q
2
2; p
2) as F cγγAi]:
1
i
∫
dxq1dyq2〈T ∗[jµem(x)jνem(y)jcλA (0)]〉 =
6∑
i=1
F cγγAiI
λµν
i ,
with
Iλµν1 = ǫ
λµναq1α, I
λµν
2 = ǫ
λµναq2α,
Iλµν3 = ǫ
λµαβq1αq2βq
ν
2 , I
λµν
4 = ǫ
λναβq1αq2βq
µ
1 ,
Iλµν5 = ǫ
λµαβq1αq2βq
ν
1 , I
λµν
6 = ǫ
λναβq1αq2βq
µ
2 .
The broken chiral symmetry relates the P → γ(∗)γ(∗) decay amplitude to the correlation
functions of the current and density operators (80) and (81). The correlation functions
themselves, however, cannot be fixed from symmetry requirements and thus some dynamical
inputs are needed to evaluate them.
Equation (78) is applicable both for on- and off-shell pions. Using the PCAC hypothesis
gγγP (q
2
1, q
2
2;m
2
P ) ∼ gγγP (q21 , q22; 0) and setting q1 and q2 to the photon point, q21 = q22 = 0,
our general expression (78) consistently reduces to the two-photon decay formula of π0, η, η′
mesons derived by Shore [4, 28],
gγγP (0, 0;m
2
P ) ∼ gγγP (0, 0; 0) = (f−1pi )Pc
[
ccem
e2Nc
8π2
−
√
6Fγγωˆ(0, 0; 0)
]
, (82)
if we identify Fγγωˆ(0, 0; 0) as AgGγγ. Here we have used F
c
γγA1(0, 0; 0) = F
c
γγA2(0, 0; 0) =
0 [32]. The RG invariance of the operatorW c = ∂µjcAµ−Tr[λc]ωˆ implies that the combination√
6Fγγωˆ−F 0γγA1+F 0γγA2 is also RG invariant. Therefore Fγγωˆ(0, 0; 0) is by itself RG invariant.
V. SUMMARY AND OUTLOOK
We have derived an extension of the master equations for chiral symmetry breaking
proposed in Ref. [5, 6] to the UR(3)×UL(3) chiral group, carefully taking into account
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the UA(1) anomaly and full flavor symmetry breaking mu 6= md 6= ms. With the master
equations and the χRF, new chiral Ward identities for the gluon topological susceptibility
χ and P → γ(∗)γ(∗) decay amplitude have been derived, showing how the constraints from
broken chiral symmetry enter into those quantities without relying on any unphysical limits.
Then we have seen that our general results consistently reduce to those obtained in previous
studies by taking appropriate limits.
The χRF is applicable to any reaction processes which include ground state pseudoscalar
mesons, e.g., π,K, K¯, η, η′ production reactions on a baryon target and heavy meson decays
such as J/Ψ→ 3P, γ2P, γ3P, · · · with P = π,K, K¯, η, η′. The heavy meson decays are inter-
esting in relation to new meson resonance states appearing in the decay processes [33, 34].
A careful treatment of the final state interactions in the decay processes will be vital for ex-
ploring properties of such new meson states. The χRF enables one to separate details of each
reaction mechanism from the general framework required by broken chiral symmetry, and
thus will provide a useful theoretical basis for the analysis of such processes. Investigations
in this direction will be discussed elsewhere.
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Appendix A: Derivation of Eq. (19)
In this Appendix we describe the derivation of Eq. (19), which relate the new constant C
to the pion decay constant fpi and the pseudoscalar coupling constant G. The strategy used
here can be straightforwardly applied to the U(3) case [Eq. (63)]; in this case the algebraic
operations just become more complicated.
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Originally the operator RaSU(2)(k) has the following form
RaSU(2)(k) =
∫
d4xe+ikx
[
i
fpi
GC
Ja +
1
fpi
taA −KabSU(2)
δ
δJ b
−
(
∇µacacµ −
Ja
fpi
)
δ
δY
+i
(
1− fpi
GC
)
fpi∇µababµ
]
(x). (A1)
Equation (19) is obtained by making use of the fact that the πˆa is the normalized interpo-
lating pion field satisfying 〈0|πˆa(x)|πb(p)〉 = δabe−ipx. By applying the χRF to the matrix
element 〈0|πˆa(x)|πb(p)〉, we have (note that Sˆ|0〉 = Sˆ†|0〉 = |0〉 following from the stability
of the vacuum state),
δabe−ipx = 〈0|πˆa(x)|πb(p)〉 = −i〈0|Sˆ† δ
δJa(x)
RbSU(2)(−p)Sˆ|0〉|φ=0, (A2)
with
− iSˆ† δ
δJa(x)
RbSU(2)(−p)Sˆ = +
fpi
GC
δabe−ipx +
σˆ(x)
fpi
δabe−ipx
+
i
fpi
∫
d4ye−ipy(ip)µT ∗[πˆa(x)jbAµ(y)] +O(φ)
= +
fpi
GC
δabeipx +
δab
fpi
(p2 −m2pi)
∫
d4ye−ipy∆R(x− y)σˆ(y)
− 1
fpi
∫
d4ye−ipypµjbAµ(y)π
a
in(x)
+
1
f 2pi
εabc
∫
d4ye−ipy∆R(x− y)[−2ipµ + (∂y)µ]jcV µ(y)
− 1
fpi
∫
d4y∆R(x− y)(∂y)µSˆ†[SˆjaAµ(y), ab†in(p)] +O(φ),(A3)
where (∂y)
µ = [∂/(∂yµ)]. In the last step of Eq. (A3), we have used Eqs. (26) and (27) with
RaSU(2) replaced by Eq. (A1), and the relation
Sˆ†[SˆjaAµ(y), ab†in(p)] = −i
δ
δaµa(y)
RbSU(2)(−p)Sˆ
= δab(∂y)µ[e
−ipyσˆ(y)] + εabc
1
fpi
e−ipyjcV µ(y)
− 1
fpi
pν
∫
d4ze−ipzT ∗[jaAµ(y)j
b
Aν(z)] +O(φ). (A4)
Noticing that 〈0|jaAµ|πb〉 = 0, 〈0|jaV µ|0〉 = 0, and p2 = m2pi, Eq. (A2) gives
1 =
fpi
GC
. (A5)
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Appendix B: Commutation relations and chiral Ward identities
1. Commutation relations
The functional derivative operators defined in Eqs. (67) and (68) satisfy the fol-
lowing commutation relations [defining T aV (k) =
∫
d4x exp(ikx)T aV (x) and T
a
A(k) =∫
d4x exp(ikx)T aA(x)]:
[T aV (k), T
b
V (k
′)] = −fabcT cV (k + k′), (B1)
[T aV (k), T
b
A(k
′)] = −fabcT cA(k + k′), (B2)
[T aA(k), T
b
A(k
′)] = −fabcT cV (k + k′). (B3)
With Eqs. (68) and (B3) we further obtain
[T aA(k), R
P (k′)] = −(f−1pi )PbfabcT cV (k + k′)
+[k′2δPQ − (m2pi)PQ]
∫
d4xei(k+k
′)x
[
ifaQpi + dˆ
aQC δ
δY C(x)
]
, (B4)
where dˆaBC = dabc(G−1)BbGcC . If k′µ is the on-shell pion momentum satisfying (k
′)2 =
(m2pi)
PP , we have [T aA(k), R
P (k′)]Sˆ = 0. Therefore, we can make use of the same prescription
as proposed in Ref. [25] to derive the off-shell extension of the U(3) χRF (73).
2. Chiral Ward identities for the two-point functions
Here we summarize several chiral Ward identities used for obtaining the results in
Sec. IVA.
Making use of Eq. (55) and Eqs. (2) and (3), the two-point function of ω can be expressed
as ∫
d4xe−ip(x−y)〈T ∗[ω(x)ω(y)]〉 =
∫
d4xe−ip(x−y)〈T ∗[ωˆ(x)ωˆ(y)]〉
+ i
[
Aχ +
1
6
(δf˜piδf˜
T
pi )
00(−p2)
]
+ N P (p2)
∫
d4xe−ip(x−y)〈T ∗[ωˆ(x)πˆP (y)]〉
+ N P (p2)
∫
d4xe−ip(x−y)〈T ∗[ωˆ(y)πˆP (x)]〉
+ N P (p2)NQ(p2)
∫
d4xe−ip(x−y)〈T ∗[πˆP (x)πˆQ(y)]〉, (B5)
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with N P (p2) = √6Aχ(f−1pi )P0 + (p2/
√
6)(δf˜pi)
0P . This identity reduces to that of the gluon
topological susceptibility [Eq. (74)] by setting pµ = 0 and y = 0.
Similarly, with the axial master equation (70), the two-point function of the interpolating
pion field can be written as∫
d4xeip(x−y)〈T ∗[πˆA(x)πˆB(y)]〉 =
∫
d4xeip(x−y)〈πˆB(y)πAin(x)〉+ i
∫
d4xeip(x−y)∆ABR (x− y)
+i
∫
d4xeip(x−y)∆ACR (x− y)(f−1pi )CcdˆcBD〈σˆD〉
−
∫
d4xeip(x−y)
∫
dz∆ACR (x− z)(f−1pi )Cc〈T ∗[W c(z)πˆB(y)]〉
= i
∫
d4xeip(x−y)∆ABF (x− y)
+ i
∫
d4xeip(x−y)∆ACR (x− y)(f−1pi )CcdˆcBD〈σˆD〉
+ i
∫
d4xeip(x−y)∆BCR (y − x)(f−1pi )CcdˆcAD〈σˆD〉
+ i
∫
d4xeip(x−y)
∫
dz∆ACR (x− z)∆BFR (y − z)
×(f−1pi )Fd[(m2pi)CD − 6Aχ(f−1pi )C0(f−1pi )D0]dˆdDE〈σˆE〉
+
∫
d4xeip(x−y)
∫
dzdz′∆ACR (x− z)∆BDR (y − z′)
×(f−1pi )Cc(f−1pi )Dd〈T ∗[W c(z)W d(z′)]〉. (B6)
Here we have used W a = ∂µjaAµ −Tr[λa]ωˆ; ∆ABR (x− y) and ∆ABF (x− y) are respectively the
retarded and Feynman propagators satisfying [−✷xδPA− (m2pi)PA]∆ABR(F )(x−y) = δPBδ4(x−
y). In the last step, we have made use of Eq. (70) and the following Ward identities:∫
d4xeip(x−y)〈T ∗[jaAµ(x)πˆA(y)]〉 =
∫
d4xeip(x−y)〈jaAµ(x)πAin(y)〉
+
∫
d4xeip(x−y)pµ∆
AC
R (y − x)(f−1pi )Cc(f˜pi
T
)BadˆcBD〈σˆD〉
−
∫
d4xeip(x−y)
∫
dz∆ACR (y − z)(f−1pi )Cc〈T ∗[jaAµ(x)W c(z)]〉,
(B7)
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∫
d4xeip(x−y)〈T ∗[ωˆ(x)πˆA(y)]〉 =
∫
d4xeip(x−y)〈ωˆ(x)πAin(y)〉
− i
∫
d4xeip(x−y)
√
6Aχ∆
AC
R (y − x)(f−1pi )Cc(f−1pi )B0dˆcBD〈σˆD〉
− i
∫
d4xeip(x−y)
p2√
6
∆ACR (y − x)(f−1pi )Cc[δfTpi ]BadˆcBD〈σˆD〉
−
∫
d4xeip(x−y)
∫
dz∆ACR (y − z)(f−1pi )Cc〈T ∗[ωˆ(x)W c(z)]〉.
(B8)
Setting p2 = 0 and y = 0, Eqs. (B6) and (B8) become
(f−1pi )
A0(f−1pi )
B0
∫
d4x〈T ∗[πˆA(x)πˆB(0)]〉 = −i[(fpim2pifTpi )−1]00
−i2[(fpim2pifTpi )−1]0c(f−1pi )C0dˆcCD〈σˆD〉
+i[(fpim
2
pif
T
pi )
−1]0a[(fpim
2
pif
T
pi )
−1]0c
×[(fpim2pifTpi )ab − Aab](f−1pi )CbdˆcCD〈σˆD〉
+6[(fpim
2
pif
T
pi )
−1]00[(fpim
2
pif
T
pi )
−1]00
×
∫
d4x〈T ∗[ωˆ(x)ωˆ(0)]〉, (B9)
and
(f−1pi )
A0
∫
d4x〈T ∗[ωˆ(x)πˆA(0)]〉 = i
√
6Aχ[(fpim
2
pif
T
pi )
−1]0c(f−1pi )
B0dˆcBD〈σˆD〉
−
√
6[(fpim
2
pif
T
pi )
−1]00
∫
d4x〈T ∗[ωˆ(x)ωˆ(0)]〉, (B10)
respectively. Substituting these equations into Eq. (74), we obtain Eq. (75).
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